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ABSTRACT
We show that at the leading order in the large-N expansion a lattice QCDmotivated
linear rising confinement potential at large distances leads to a non-local four-quark
interaction that realizes spontaneous breaking of chiral symmetry (SBCS) in the
same way the Nambu-Jona-Lasinio model does. The dynamical quark mass m,
which represents the solution of the gap-equation, is proportional to the square
root of the string tension σ and takes the form at the leading order in the large-
N expansion m = 2
√
σ/π with σ = 0.27 GeV2. The Nambu-Jona-Lasinio
phenomenological constantG1, which is responsible for SBCS, is expressed in terms
of the string tension and the confinement radius.
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It is well known that spontaneous breaking of chiral symmetry (SBCS) and con-
finement play an important role for the low-energy interactions of hadrons. In ref.
[1] a qualitative analysis of the influence of confinement on SBCS was performed.
In this paper we propose a quantitative description of the connection between
confinement and SBCS. We identify the observed mechanism of SBCS within QCD
with that proposed by Nambu and Jona-Lasinio [2], which stems from the pheno-
menological local four-quark interaction. First of all, let us remind the main features
of the NJL-mechanism of SBCS.
The total Lagrangian of quarks interacting in the NJL-way takes the form
L(x) = ψ¯(x)iγµ∂µψ(x) + LNJL(x) (1)
where LNJL(x) is the NJL local four-quark interaction, which is invariant under U(3)⊗
U(3) chiral rotations [3,4]
LNJL(x) = 2G1
[
(ψ¯(x)taψ(x))2 + (ψ¯(x)γ5taψ(x))2
]
−
−2G2
[
(ψ¯(x)γµt
aψ(x))2 + (ψ¯(x)γµγ
5taψ(x))2
]
. (2)
Here G1 and G2 are positive phenomenological constants with its numerical values
G1 ≃ 10GeV−2 and G2 ≃ 15GeV−2, which lead to the approximate ratio G2/G1 ≃
3/2. Furthermore, ψ = (ψu, ψd, ψs) are massless current quark fields with N color
degrees of freedom, and ta (a = 1, . . . , 8) denote the Gell-Mann matrices of the
SU(3)flavor group, which are normalized by the condition tr(t
atb) = δab/2. The
strong attraction in the ψ¯ψ-channels caused by the local four-quark interaction (2)
ensures SBCS and the emergence of four nonets of ψ¯ψ-collective excitations with the
quantum numbers of low-lying scalar, pseudoscalar, vector and axial-vector mesons
[2-4].
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In the one quark-loop approximation the NJL-interaction (2) generates the fol-
lowing contribution to the dynamical quark mass [2,3]
δL(mass)eff (x) = −2G1trC,L[iSF (0)]ψ¯(x)ψ(x) (3)
where SF (x) is the Green’s function of a Dirac particle with mass m, which is consi-
dered as the dynamical quark mass. One obtains
trC,L[iSF (0)] =
N
16π2
∫
d4k
π2i
trL
(
1
m− γµkµ
)
= 4mI1(m) (4)
where I1(m) is a quadratically divergent integral
I1(m) =
N
16π2
∫
d4k
π2i
1
m2 − k2 =
N
16π2
[
Λ2χ −m2 ln
(
1 +
Λ2χ
m2
)]
. (5)
The cut-off Λχ plays the role of the scale of SBCS.
Following the NJL-prescription and assuming that the dynamical mass m is com-
pletely determined by the one quark-loop contribution [2,3] one gets the gap-equation
m = m 8G1 I1(m). (6)
In the case G1 = 0 the gap-equation has only the trivial solution m = 0. For G1 6= 0
there may exist, in addition to the trivial solution m = 0, which corresponds to the
chirally invariant phase of the quark system with the local four-quark interaction,
the non-trivial solution m = Λχϕ(G1Λ
2
χ). A solution m 6= 0 of the gap-equation
describes the chirally broken phase of the quark system with the interaction (2). In
this phase the system is unstable against the creation of ψ¯ψ-collective excitations with
the quantum numbers of low-lying mesons, and it possesses a ground state, which is
the non-perturbative many-particle vacuum of superconductivity [2]. We gave only a
cursory outline of the main points of the NJL-model. For a detailled acquaintance of
the NJL-mechanism of SBCS and its connection to BCS-theory of superconductivity
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we refer the readers to the papers of Nambu and Jona-Lasinio, Eguchi and Kikkawa
[2,3].
The brief outline of the NJL-model shows that in order to analyse the influence
of confinement on SBCS and to derive the NJL-interaction within QCD we have
to regard the four-quark interaction, which describes ψ¯ψ- (or ψψ-) scattering. The
general expression for the action which accounts for ψ¯ψ- (or ψψ-) scattering within
QCD can be written in the following form [5]
−iS(ψ¯ψ)QCD =
1
2
∫
d4x1d
4x2ψ¯(x1)γ
µtAc ψ(x1)K
AB
µν (x1, x2)ψ¯(x2)γ
νtBc ψ(x2) + . . . . (7)
Here tAc (A = 1, . . . , N
2 − 1) are the matrices of the SU(N)C group normalized
by the condition trC(t
A
c t
B
c ) = δ
AB/2, and KAB(x1, x2) denotes a structure function.
For large distances the structure function KAB(x1, x2) can be expressed in terms of
a confinement potential V (~x1 − ~x2) [1]. The dots in (7) describe further possible
contributions, which are less important in the confinement regime [1]. Let us now
determine the r.h.s. of eq. (7) at large distances [1]
−iS(ψ¯ψ)QCD = −
1
2
∫
d3x1d
3x2
∫ ∞
−∞
dt ψ¯(~x1, t)γ
0tAc ψ(~x1, t)×
×V (~x1 − ~x2)ψ¯(~x2, t)γ0tAc ψ(~x2, t). (8)
In the following, we consider a linear rising confining potential V (~x1−~x2) of the form
V (~x1 − ~x2) = σ |~x1 − ~x2| − 2
√
σ (9)
where σ is the string tension with the numerical value σ ≃ 0.27 GeV2 [6]. The poten-
tial (9) is in excellent agreement with the experimental results of meson spectroscopy
[7]. It should be noted that this potential can be calculated numerically and in the
strong-coupling expansion within lattice regularization of QCD [8].
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By changing to the center of mass frame
~x =
~x1 + ~x2
2
, ~z = ~x1 − ~x2 (10)
where ~x and ~z are the center of mass and the relative distances of the ψ¯ψ-system,
respectively, we obtain
−iS(ψ¯ψ)QCD = −
1
2
∫
d3xdt
∫
d3zV (z)
[
ψ¯ (~x, t) γ0tAc ψ (~x, t)
]
×
×
[
ψ¯ (~x− ~z, t) γ0tAc ψ (~x− ~z, t)
]
. (11)
Furthermore, after applying the Fierz transformations
(γ0)αβ(γ
0)γδ =
1
4
(1)αδ(1)γβ +
1
4
(iγ5)αδ(iγ
5)γβ −
− 1
8
(γµ)αδ(γ
µ)γβ − 1
8
(γµγ
5)αδ(γ
µγ5)γβ (12)
to the r.h.s. of (11) and by keeping only the leading terms in the large-N expansion
N2−1∑
A=1
(
tAc
)
i′j′
(
tAc
)
l′k′
δijδkl
N→∞−→
8∑
a=0
(ta)il (t
a)kj δi′k′δl′j′ (13)
eq. (11) can be written in the form
−iS(ψ¯ψ)QCD =
1
8
∫
d4x
∫
d3zV (z)
[
ψ¯ (~x, t) Γψ (~x− ~z, t)
]
×
×
[
ψ¯ (~x− ~z, t) Γψ (~x, t)
]
. (14)
In the previous expression the summation over Γ = ta, iγ5ta, i√
2
γµt
a and i√
2
γµγ
5ta has
to be performed.
Let us show now that the effective interaction (14) leads to SBCS and a gap-
equation, which determines the dynamical (constituent) quark mass. We follow the
NJL-prescription, i.e. we accept the one quark-loop approximation, and obtain the
effective action
−iδSeff.massQCD = −
1
8
∫
d4x
∫
d3z
[
ψ¯ (~x, t)ψ (~x− ~z, t)
]
V (z) trC+L[iSF (−~z)] (15)
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where
trC+L[iSF (−~z)] = 4mN
(2π)4i
∫
d4k
e−i
~k~z
m2 − k20 + ~k2
=
N
π2
m2
z
K1(mz). (16)
The McDonald’s function K1(mz) has an exponential behaviour for large z
K1(mz)
z→∞−→ 1√
z
e−mz . (17)
This means that K1(mz) localizes the integrand of the ~z-integration in (15) to the
region | ~z |≤ 1/m. Therefore, the wave functions of the dynamical quarks, represented
by the operators ψ(~x, t) and ψ(~x−~z, t), have to be localized to the regions | ~x |≤ 1/m
and | ~x−~z |≤ 1/m [9], respectively, and we can neglect the ~z-dependence of ψ(~x−~z, t),
i.e. ψ(~x − ~z, t) ≃ ψ(~x, t). In momentum-space this means that we calculate the
dynamical mass at zero momentum of the dynamical quark (~p = 0) or else in the
rest frame of the dynamical quark. Finally, in the important region of integration the
effective action (15) takes the form
−iδSeff.massQCD = −
∫
d4x ψ¯ (x)ψ (x)
Nm2
8π2
∫
d3z
V (z)
z
K1(mz). (18)
In eq. (18) the integration over the relative distance ~z can be performed explicitly
Nm2
8π2
∫
d3z
V (z)
z
K1(mz) =
Nσ
π
1
m
− 1
2
N
√
σ. (19)
Within the NJL-theory the action (18) defines the total value of the dynamical quark
mass. In the framework of this assumption we obtain the gap-equation
m =
Nσ
π
1
m
− 1
2
N
√
σ, (20)
which has the following solution
m =
N
√
σ
4


√
1 +
16
πN
− 1

 N→∞−→ 2
√
σ
π
. (21)
We want to point out that we obtained the dynamical quark mass at leading order
in the large-N expansion. In other words, we kept only the first terms in the large-N
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expansion of the action (11), and that led us to the gap-equation (20). With σ = 0.27
GeV2 one gets for the value of the dynamical quark mass
m =
2
√
σ
π
= 0.33 GeV. (22)
Our result for the dynamical quark mass agrees with the predictions of the so-called
naive non-relativistic quark model [10] and with the value of m within chiral per-
turbation theory at the quark level based on the NJL-model calculated in the chiral
limit [4].
The emergence of a dynamical quark mass is the result of SBCS. In terms of
m = 2
√
σ/π we can define the quark condensate, which is the order parameter for
SBCS. In the one quark-loop approximation we obtain [2-4]
〈0 | ψ¯ψ | 0〉 = −trC+L[iSF (0)] = −4mI1(m) (23)
where I1(m) is defined in eq. (5). For Λχ = 0.94 GeV [4] we get the exact value of
the quark condensate [4,11]
〈0 | ψ¯ψ | 0〉 = −(0.255 GeV)3. (24)
Now we know both the scale of SBCS Λχ and the dynamical quark massm. Therefore,
starting from the gap-equation (5) we are able express the constant G1 in terms of
the scale of SBCS Λχ and the string tension σ
G1 =
1
Λ2χ
f
(
σ
Λ2χ
)
(25)
where f(σ/Λ2χ) is a well known function (see formulae (5) and (6)).
From a different point of view, we can define the constant G1 independently
in terms of the string tension σ and the confinement radius rc. Concerning the
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confinement radius one knows that its value is of the order of O(1/mπ) where mπ =
0.14 GeV is the pion mass. In our considerations rc is introduced as an upper limit
for the region of integration over the relative coordinates ~z. In order to express G1
in terms of the confinement radius we suggest to expand the action (14) in powers of
the relative radius ~z. After this expansion and the integration over ~z we obtain
−iS(ψ¯ψ)QCD =
∫
d4xLNJL(x) +
∫
d4xL(non−NJL)(x) (26)
where
LNJL(x) =
(
σπ
8
r4c −
√
σπ
3
r3c
)
[ψ¯(x)Γψ(x)][ψ¯(x)Γψ(x)]. (27)
A comparison between (27) and (2) allows us to relate G1 to σ and rc
G1 =
σπ
16
r4c −
√
σπ
6
r3c . (28)
In principle, using eqs. (28) and (25) one can write for the dependence of the con-
finement radius rc on the string tension σ and the scale of SBCS Λχ
rc =
1√
σ
ρ
(
σ
Λ2χ
)
. (29)
Practically, we insert the phenomenological values of G1 ≃ 10 GeV−2 and σ = 0.27
GeV2 into (28) and estimate the value of rc. As a result we get rc = 0.84/mπ, which
is in agreement with the restriction rc = O(1/mπ) explained above.
The Lagrangian L(non−NJL)(x) is an infinite series of terms, which contain deriva-
tives of the quark fields with respect to its coordinates. These interactions describe
the ψ¯ψ-collective excitations with higher total spins, in comparison to those excita-
tions, which appear in the NJL-Lagrangian LNJL(x). The infinite number of terms
reflects the ability of QCD as the correct theory of the strong interaction to account
for any colorless ψ¯ψ-hadronic state with quantum numbers of a meson. It is evi-
dent from the considerations above that L(non−NJL)(x) should not contribute to the
gap-equation and, correspondingly, should not influence SBCS.
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Thus, in this paper we have shown that the confinement properties of QCD lead
to the same realization of SBCS as in the NJL-model, and confinement provides the
appearance of the local four-quark interaction of the NJL-kind. The dynamical quark
mass and the phenomenological constants of the NJL-model are expressed in terms
of the confinement parameters σ and rc. As a consequence of this result, the ground
states of low-energy QCD and the NJL-model should coincide. This means that the
non-perturbative low-energy QCD vacuum, which is caused by SBCS, can be fully
described by the non-perturbative many-particle vacuum of the NJL-model, which
is evaluated explicitly in ref. [2]. This result justifies the assumption of Yoshida
concerning the use of the NJL non-perturbative vacuum wave function as a trial
function for path-integral evaluations in the regime of SBCS within QCD [11]. One
can further conclude that the low-lying ψ¯ψ-colorless collective excitations within QCD
and within the NJL-model should have similar properties.
The main shortcoming of our considerations is the small value of G2. Indeed, a
comparison between the Lagrangians (2) and (27) shows that
G2 =
σπ
256
r4c −
√
σπ
12
r3c =
1
2
G1, (30)
i.e. G2/G1 = 1/2, instead of the phenomenological value G2/G1 = 3/2 [4]. However,
this is not crucial for the investigations of this letter, which has its main goal in
showing the connection between confinement, expressed by a linear rising potential,
and SBCS. The constant G2 does not contribute to SBCS and is only responsible for
the mass-spectrum of the vector-meson nonets. Since we did not intend to analyse this
problem, a detailed discussion of the origin of the value of G2 goes beyond the scope of
this paper. We are planning to touch this problem in our fourthcoming publications.
Shortly, the problem of the value of G2 can be settled in different manners. Within
our present approach one could assume that G2 increases either due to contributions
from L(non−NJL)(x) or via the terms in the interaction (7), which we did not take into
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account, because of their insignificance with respect to SBCS. Formally, this means
that without loss of generality one can use the phenomenological valueG2 ≃ 15GeV−2.
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